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Abstract 
Martelli, M. and M. Pedrazzoli, On pseudounimodular matrices, Discrete Applied Mathematics 42 
(1993) 113-117. 
It is shown that pseudounimodular matrices are useful for studying totally unimodular matrices. New 
properties are established and known theorems of Gomory and Camion are here easily recovered and 
proved. Computational aspects are discussed. 
1. Introduction 
Pseudounimodular matrices have been introduced in [8], where their utility in stu- 
dying totally unimodular matrices [2,3,6,7, lo] is shown. 
We recall the definition and the main properties of pseudounimodular matrices; 
new properties are established and known theorems, due to Gomory [9] and Camion 
151, are easily proved; relevant computational aspects are discussed. 
In the sequel, unless otherwise mentioned, we consider matrices with 0, + 1 
entries. 
Definition 1.1 [7]. A matrix A4 is said totally unimodular iff the determinant of 
every square submatrix is 0, + 1. 
Definition 1.2 [8]. A matrix E is said to be Eulerian iff every row and every column 
has an even number of nonzero entries. 
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2. Previous results 
A definition and properties given in [8] are recalled here. 
Definition 2.1. A square matrix P of order n will be called pseudounimodulur iff 
Jdet P / > 1 and the determinant of every square submatrix, of order smaller than n, 
is 0. * 1. 
Theorem 2.2. A matrix M is totally unimodular iff no square submatrix is pseudo- 
unimodular. 
Theorem 2.3. Let P be a pseudounimodular matrix. Then: 
(i) jdet PI =2. 
(ii) The entries of the adjoint matrix are f 1. 
Corollary 2.4. Pseudounimodular matrices are Eulerian. 
The following theorem is interesting also from a computational point of view. 
Theorem 2.5. Let C be an r xs matrix, with r>s (or s>r), having no pseudo- 
&modular submatrix of order lower than s (or than r). If there are k rows (or 
columns) of C, with k>s (or k> r), containing an even number of nonzero entries 
and any two neither equal nor opposite, then C is totally unimodular. 
3. New properties and proofs of known theorems 
Proposition 3.1. A totally unimodular square matrix M, whose every row or column 
has an even number of nonzero entries, is singular. 
Proof. Let M, be the matrix, obtained from M by replacing the first row (or 
column) with the sum of all the rows (or columns) of M; thus we have det M= det M,; 
we have also, by assumption, that each component of the first row (or column) of 
M, is an even number. The matrix M’, obtained from M, by dividing the first row 
(or column) of Ml by 2, has therefore integer entries and det M= 2 det M’; hence 
the proposition follows (from Definition 1.1). 0 
The next theorems are straightforward consequences of Definitions 1.1, 1.2, 2.1, 
Theorems 2.2, 2.3, Corollary 2.4 and Proposition 3.1. 
Theorem 3.2 (Gomory [5,9]). A matrix M is totally unimodufar iff no square 
submatrix of M has determinant +2. 
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Theorem 3.3 (Camion [4,5]). A matrix M is totally unimodular iff every square 
Eulerian submatrix is singular. 
Theorem 3.4 (Camion [4,5]). A matrix M is totally unimodular iff every non- 
singular square submatrix of M has a row or a column with an odd number of 
nonzero components. 
Lemma 3.5. Let M be a square Eulerian matrix, let M^ be the matrix, obtainedfrom 
M by replacing the ,lth row with the sum of all the rows of M, and let M* = (m;S) 
be the matrix, obtained from M^ by replacing the pth column with the sum of all 
the columns of M^. Then we have: 
(i) The entries of the h th row and of the pth column of M* are even numbers. 
(ii) The sum of the entries of M is divisible by 4 iff m& is divisible by 4. 
(iii) If the sum of the entries of M is divisible by 4, then det M is divisible by 4. 
Proof. (i) follows by assumption and definitions. m$, is the sum of the components 
of M; hence (ii) follows. Obviously, det M= det M*. If the sum of the entries of M 
is divisible by 4, if M’ denotes the matrix obtained from M* dividing the Ath row 
of M* by 2 and M” the matrix obtained dividing the pth column of M’ by 2, then 
we have det M=4 det M”, where M” is, because of (i), (ii), a matrix with integer en- 
tries; hence (iii) follows. 3 
Proposition 3.6. Let M be a square Eulerian totally unimodular matrix. Then the 
sum of the entries of M is divisible by 4. 
Proof. Because of Proposition 3.1, M is singular; therefore in M there are a Ath row 
and a @h column, linear combinations respectively of the other rows and columns. 
With the notations of Lemma 3.5, the Ath row of M’ (see the proof of Lemma 3.5) 
that is a linear combination of the other rows with coefficients Ci, is, by Lemma 
3.5(i), integer; moreover ml = m,], for all i,j s.t. ifl and j#p; therefore the coef- 
ficients ci are, by the Cramer Theorem and by assumption, integer. Lemma 3.5(i) 
implies that each mi; is even, for all i+l; hence mi, is even and therefore m,$ is 
divisible by 4. Now Lemma 3.5 (ii) allows us to achieve the thesis. 0 
Theorem 3.7 (Camion [5,9]). A matrix M is totally unimodular iff the sum of the 
entries in every square Eulerian submatrix of M is divisible by 4. 
Proof. The thesis follows from Theorems 2.2,2.3(i), Corollary 2.4, Proposition 3.1, 
Lemma 3.5(ii), Proposition 3.6 and the definitions. 0 
Proposition 3.8. Let M be a square Eulerian matrix of order n, containing no pseu- 
dounimodular submatrix of order smaller than n. Then: 
(i) M is either singular totally unimodular or pseudounimodular. 
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(ii) If the sum of the entries of A4 is divisible by 4, A4 is totally unimodular. 
(iii) If the sum of the entries of A4 is not divisible by 4, A4 is pseudounimodular. 
Proof. Because of the assumption and Definition 2.1, Mis either pseudounimodular 
or totally unimodular; if M is totally unimodular then, because of Proposition 3.1, 
it is singular; hence (i) follows. 
(ii) follows from the assumption, definitions and Theorem 3.7. 
(iii) follows immediately from Theorem 3.7 and (i). 0 
Corollary 3.9. If A4 is a pseudounimodular (or square Eulerian totally unimodular) 
matrix, then one of the following two cases necessarily holds: 
(i) The number of nonzero entries of M is divisible by 4 and the number of 
nonzero entries of the same sign is odd (or even). 
(ii) The number of nonzero entries of M is not divisible by 4 and the number of 
nonzero entries of the same sign is even (or odd). 
4. Computational aspects 
An algorithm which tests whether a matrix is totally unimodular or not, by look- 
ing for pseudounimodular submatrices, is now described (see also [S]). 
Subroutine. Let B be a k x m matrix, with 1 i ksm, containing no pseudouni- 
modular submatrix of order lower than k. The output “true” (or “false“) means 
that B is (or is not) totally unimodular that is there is no (or there is a) pseudo- 
unimodular submatrix of order k. 
We delete from B the zero columns and the columns containing an odd number 
of nonzero entries. If two, among the remaining columns, are either equal or op- 
posite, we delete one of them; repeating this, we end up with a k x h matrix C where, 
if h> 1, each pair of columns is linearly independent. 
If k>h, the output is “true”. 
If k=h=2, the output is “false”. 
If k= h>2, in each row, we sum the entries. 
If there is a row of C with an odd number of nonzero entries, by Cor- 
ollary 2.4, the output is “true”. 
If every row has an even number of nonzero entries, we consider the 
sum, say C, of the entries of C. 
If C is divisible by 4, by Proposition 3.8, the output is “true”. 
If C is not divisible by 4, by Proposition 3.8, the output is “false”. 
If k<h, by Theorem 2.5, the output is “true”.’ 
1 The subroutine, in the cases k>h and kc/z, allows us to avoid the examination Of all the (T) square 
submatrices of order k and, in the case k = h, to compute the determinant. 
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Algorithm. Let A be an n x m matrix with n s m (if n > m we consider the trans- 
pose). 
The subroutine is used to test each k x m submatrix of A, with k = 2. If an output 
is “false”, the matrix A is not totally unimodular. On the contrary, the subroutine 
is used to test the k x m submatrices of A, with k which could increase up to n. 
The previous algorithm, even if not polynomial, is simple to describe, and easy 
to code. 
It is reasonably foreseeable that, in testing a matrix which is not totally uni- 
modular, the procedure stops at small orders. This claim, confirmed by numerical 
experiments, is connected to the following facts: the probability that an m xn 
matrix has pseudounimodular submatrices of small orders is great and this prob- 
ability increases with m and n. 
Hence, it seems natural to propose a hybrid algorithm, by combining the above 
algorithm at 1st stage, and a polynomial one [9] as 2nd stage. If the 1st stage has 
worked for a given time without interruption of the procedure, the 2nd stage can 
start with a good probability of success. Thus the 1st stage acts as a filter which 
enables us to use the 2nd stage in a more fruitful way. 
Further investigation in the field of pseudounimodular matrices might yield more 
efficient algorithms. 
An open problem is the characterization of the structure of the totally unimodular 
and pseudounimodular matrices [S]. 
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